Positive solutions for one-dimensional p-Laplacian boundary value problems with dependence on the first order derivative  by Wang, Zhiyong & Zhang, Jihui
J. Math. Anal. Appl. 314 (2006) 618–630
www.elsevier.com/locate/jmaa
Positive solutions for one-dimensional
p-Laplacian boundary value problems
with dependence on the first order derivative ✩
Zhiyong Wang ∗, Jihui Zhang
Department of Mathematics, Nanjing Normal University, Nanjing 210097, Jiangsu, PR China
Received 1 September 2004
Available online 10 May 2005
Submitted by R. Manásevich
Abstract
This paper presents sufficient conditions for the existence and multiplicity of positive solutions to
the one-dimensional p-Laplacian differential equation (φp(u′))′ + a(t)f (u,u′) = 0, subject to some
boundary conditions. We show that it has at least one or two or three positive solutions under some
assumptions by applying the fixed point theorem.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, we are concerned with the existence and multiplicity of positive solutions
for the one-dimension p-Laplacian(
φp(u
′)
)′ + a(t)f (u,u′) = 0, t ∈ (0,1), (1.1)
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u′(0) = u(1) = 0, (1.2)
u(0) = u(1) = 0, (1.3)
where φp(s) = |s|p−2s with p > 1, (φp)−1 = φq,1/p + 1/q = 1, and a, f satisfy:
(H1) f : [0,+∞)× (−∞,+∞) → [0,+∞) is continuous;
(H2) a : (0,1) → [0,+∞) is measurable, and a(t) is not identically zero on any compact
subinterval of (0,1). Furthermore a(t) satisfies 0 <
∫ 1
0 a(t) dt < +∞.
The study of multi-point boundary value problems for linear second order ordinary
differential equations was initiated by Il’in and Moiseev [13]. Since then, there is much
current attention focused on the study of nonlinear multi-point boundary value problems;
see, to name a few [3,6,12,14]. In 1997, Wang [7] first studied the existence of at least one
positive solution for the problem(
φp(u
′)
)′ + a(t)f (u) = 0, t ∈ (0,1), (1.4)
by using the Krasnoselskii’s fixed point theorem [4]. He established an existence result
under some superlinear or sublinear assumptions imposed on the nonlinearity of f , which
can be listed as follows:
(i) f0 = 0 and f∞ = ∞ (superlinear), or











Recently, Kong and Wang [8] proved the existence of two positive solutions of (1.4) by
means of the fixed point index theory. Their result require that the function f satisfies
(iii) f0 = f∞ = 0, or
(iv) f0 = f∞ = ∞,
where f0, f∞ are the same as in (i), (ii). After then, [1,2,15] considered when f0, f∞ /∈
{0,∞}, and got one or two positive solutions of (1.4).
More recently, He and Ge [16], Guo and Ge [17] established the existence of at least
three positive solutions of (1.4) by, respectively, apply Leggett–Williams fixed point theo-
rem and the five functionals fixed point theorem (which is a generalization of the former).
However, all the above works were done under the assumption that f is allowed to depend
just on u, the first order derivative u′ is not involved explicitly. Seeing such a fact, the fol-
lowing problem is naturally asked. Whether we can obtain a similar conclusion or not, if
f depends on both u and u′.
Motivated by the results of [5,9,18], the aim of this paper is to establish some simple
criteria for the existence of positive solutions of (1.1), (1.2) and (1.1), (1.3), which gives
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depends on both u and u′, we will establish a special norm in Banach space (in Section 2)
and define f ∗0 , f ∗∞, which are similar to f0, f∞ (in Section 3), take a new fixed point
theorem introduced by Avery and Peterson [11] (in Section 4) and use them to study the
problems (1.1), (1.2) and (1.1), (1.3). At the same time, this is the only work which allows
f to depend on both u and u′ to obtain positive solutions by using the Krasnoselskii’s fixed
point theorem as far as we know.
2. The preliminary lemmas




u2 + (u′)2] 12 , (2.1)
and let the cone K ⊂ X of nonnegative functions, γ and θ be nonnegative continuous con-
vex functionals on cone K , ν be a nonnegative continuous concave functionals on cone K ,
and ψ be a nonnegative continuous functionals on cone K . Then for some positive real
numbers a, b, c and d , we define the following sets:
K(γ,d) := {u ∈ K: γ (u) < d},
K(γ, ν, b, d) := {u ∈ K: b ν(u), γ (u) d},
K(γ, θ, ν, b, c, d) := {u ∈ K: b ν(u), θ(u) c, γ (u) d},
R(γ,ψ,a, d) := {u ∈ K: a ψ(u), γ (u) d},
K1 :=
{
u ∈ X: u(t) 0, u is concave on [0,1]},
K2 :=
{
u ∈ X: u(t) 0, u(0) = u(1) = 0, u is concave on [0,1]}.
Lemma 2.1 [1]. Let u ∈ K1, η ∈ (0,1/2), then u(t) ηmax0t1 |u(t)|, t ∈ [η,1 − η].
Lemma 2.2 [10]. If u ∈ K2, then max0t1 |u(t)| ηmax0t1 |u′(t)|.
The following theorems are needed in our proofs:
Theorem 2.1 [4]. Let X be a Banach space and K be a cone of X. Assume Ω1, Ω2 are
open subsets of X with 0 ∈ Ω1,Ω1 ⊂ Ω2, and let A :K ∩ (Ω2 \Ω1) → K be a completely
continuous operator such that, either
(i) ‖Au‖ ‖u‖, u ∈ K ∩ ∂Ω1, and ‖Au‖ ‖u‖, u ∈ K ∩ ∂Ω2, or
(ii) ‖Au‖ ‖u‖, u ∈ K ∩ ∂Ω1, and ‖Au‖ ‖u‖, u ∈ K ∩ ∂Ω2.
Then A has at least one fixed point in K ∩ (Ω2 \Ω1).
Theorem 2.2 [4]. Let X be a Banach space and K be a cone of X. For ρ > 0, define
Kρ := {u ∈ K: ‖u‖ ρ} and assume that A :Kρ → K is a completely continuous operator
such that, T u 	= u for x ∈ ∂Kρ = {u ∈ K: ‖u‖ = ρ}.
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(ii) If ‖Au‖ ‖u‖, u ∈ ∂Kρ , then i(A,Kρ,K) = 1.
Theorem 2.3 [11]. Let K be a cone in a real Banach space X. Let γ and θ be nonnegative
continuous convex functionals on K , ν be a nonnegative continuous concave functionals
on K , and ψ be a nonnegative continuous functionals on K satisfying ψ(λu) λψ(u) for
0 λ 1, such that for some positive numbers M and d ,
ν(u)ψ(u) and ‖u‖Mγ(u),
for all u ∈ K(γ,d). Suppose T :K(γ,d) → K(γ,d) is completely continuous and there
exist positive numbers a, b and c with a < b such that
(i) {u ∈ K(γ, θ, ν, b, c, d): ν(u) > b} 	= ∅ and ν(T u) > b for u ∈ K(γ, θ, ν, b, c, d);
(ii) ν(T u) > b for K(γ, ν, b, d) with θ(T u) > c;
(iii) 0 /∈ R(γ,ψ,a, d) and ψ(T u) < a for u ∈ R(γ,ψ,a, d) with ψ(u) = a.
Then T has at least three fixed points u1, u2, u3 ∈ K(γ,d), such that
γ (ui) d for i = 1,2,3, b < ν(u1),
a < ψ(u2) with ν(u2) < b, ψ(u3) < a.
3. The existence solutions of the problem (1.1), (1.2)
For convenience we denote
f ∗0 := lim|u|2+|v|2→0
f (u, v)
(|u| + |v|)p−1 , f
∗∞ := lim|u|2+|v|2→∞
f (u, v)
(|u| + |v|)p−1 .
Theorem 3.1. Assume (H1), (H2) hold, then the boundary value problem (1.1), (1.2) has
at least one positive solution in one of the case
(a) f ∗0 = 0 and f ∗∞ = ∞;
(b) f ∗0 = ∞ and f ∗∞ = 0;
(c) f ∗0 = α ∈ (0,∞), f ∗∞ = β ∈ (0,∞) and 2α2(q−1)M < 1, β2(q−1)m > 1;
(d) f ∗0 = 0, f ∗∞ = β ∈ (0,∞) and β2(q−1)m > 1;
(e) f ∗0 = α ∈ (0,∞), f ∗∞ = 0 and α2(q−1)m > 1;
(f ) f ∗0 = ∞, f ∗∞ = β ∈ (0,∞) and 2β2(q−1)M < 1;





















































We see that u is a solution to (1.1), (1.2) if and only if u is a fixed point of A, and
A :K1 → K1 is completely continuous A(K1) ⊂ K1.
(a) By f ∗0 = 0, we choose H1 > 0 such that f (u,u′)  [θ(|u| + |u′|)]p−1 for 0 <

































































u2 + (u′)2] 12 = ‖u‖. (3.2)
On the other hand, by f ∗∞ = ∞, for δ > 0 satisfies that δ2m  1. We choose H 2 > 0,
such that f (u,u′) [δ(|u| + |u′|)]p−1 for |u|2 + |u′|2 H 22. Set H2 = max{ 1ηH1, 1ηH 2},
Ω2 = {u ∈ X: ‖u‖ < H2}, then for u ∈ K ∩ ∂Ω2, we get η‖u‖  [|u|2 + |u′|2]1/2  ‖u‖






































u2 + (u′)2] 12 = ‖u‖. (3.3)
Then by Theorem 2.1, A has a fixed point u, this implies the boundary value problem
(1.1), (1.2) has at least one positive solution.
(b) Beginning with f ∗0 = ∞, there exists H1 > 0 such that f (u,u′) [ξ(|u|+ |u′|)]p−1







































u2 + (u′)2] 12 = ‖u‖. (3.4)
Using the assumption concerning f ∗∞ = 0, there exists H 2 > 0 such that f (u,u′) 
[λ(|u| + |u′|)]p−1 for |u|2 + |u′|2  H 22, where λ > 0 satisfies 4λ2M  1. There are two
cases to consider.
Case (i). Suppose that max0t1 f (u,u′) is bounded, then there exists N > 0 satisfy-

























H2 = ‖u‖. (3.5)
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→ [0,+∞) by
g(w) := max{f (u,u′): t ∈ [0,1], ‖u‖ ω}. (3.6)
It is easy to see that g is nondecreasing and limω→∞ g(ω)/(2ω)p−1 = 0. So g(ω) 
(2λω)p−1 for ω > r0. Taking H2 > r0, r0 = max{ 1ηH1,H 2}, then we have f (u,u′) 
g(H2)  (2λH2)p−1 for t ∈ [0,1], ‖u‖  H2. Hence, for u ∈ K ∩ ∂Ω2, Ω2 = {u ∈ X:

























= {4λ2MH 22 } 12 H2 = ‖u‖. (3.7)
Therefore, in either case, we always may set Ω2 = {u ∈ X: ‖u‖ < H2} such that
‖Au‖  ‖u‖ for u ∈ K ∩ ∂Ω2. Then by Theorem 2.1, the boundary value problem (1.1),
(1.2) has at least one positive solution.
(c) By the conditions in (c), choosing ε > 0 such that
2M(α + ε)2(q−1)  1, (β − ε)2(q−1)m 1. (3.8)
Since f ∗0 = α, there exists H1 > 0 such that f (u,u′) < (α + ε)(|u| + |u′|)p−1. For








2M(α + ε)2(q−1)(|u|2 + |u′|2)] 12
 ‖u‖. (3.9)
Since f ∗∞ = β , we choose H 2 > 0 such that f (u,u′) > (β −ε)(|u|+ |u′|)p−1 for |u|2 +|u′|2 H 22, Set H2 = max{ 1ηH1, 1ηH 2}, Ω2 = {u ∈ X: ‖u‖ < H2}, then for u ∈ K ∩ ∂Ω2,








m(β − ε)2(q−1)(|u|2 + |u′|2)] 12
 ‖u‖. (3.10)
Then by Theorem 2.1, the boundary value problem (1.1), (1.2) has at least one positive
solution. (d), (e), (f ), (g): the proofs are similar to that in (a), (b), (c) and are omitted. 
Theorem 3.2. Assume (H1), (H2) hold, then the boundary value problem (1.1), (1.2) has
at least two positive solutions in one of the case
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u(t) r1;
(i) f ∗0 = f ∗∞ = ∞ and there exists r1 > 0 such that f (u,u′) (θr1)p−1 for 0 ‖u‖ r1.
Proof. (h) Since f ∗0 = 0, there exists H1 ∈ (0, r1) such that f (u,u′) [θ(|u| + |u′|)]p−1
for 0 < |u|2 + |u′|2 H 21 , where θ > 0 satisfies 2θ2M  1. This, for u ∈ K ∩ ∂Ω1, Ω1 ={u ∈ X: ‖u‖ <H1}, by (3.2), we have ‖Au‖ ‖u‖. Therefore,
i(A,KH1 ,K) = 1. (3.11)
Since f ∗∞ = 0, using the method of Cases (i), (ii) in the proof of (b), we can choose
H2 > r1, such that for u ∈ K ∩ ∂Ω2, Ω1 = {u ∈ X: ‖u‖ < H2}, we get ‖Au‖  ‖u‖.
Hence,
i(A,KH2 ,K) = 1. (3.12)






























2] 12  r1 = ‖u‖. (3.13)
Hence,





)= 1, i(A,Kr1 \KH1,K)= −1. (3.15)
So, there exist at least two positive solutions u1 and u2 of (1.1), (1.2) in K , such that
0 < ‖u1‖ < r1 < ‖u2‖.
(i) The proof is similar to that of (h). Here we omit it. 
Remark 3.1. It is easy to see that (2.1) extents the norm of [1,2,7,8,15–18], when f did
not depend on both u and u′. In this sense, norm (2.1) which we endowed is more natural
than special.
Remark 3.2. Obviously, Theorems 3.1 and 3.2 generalizes the main results of [1,8] for
limu2→0 f (u)/up−1 ⇔ limu→0 f (u)/up−1, limu2→∞ f (u)/up−1 ⇔ limu→∞ f (u)/up−1.
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and 3.2 are also true for the following nonlinear boundary value condition
au(0)− bu′(0) = 0, cu(1)+ du′(1) = 0, (3.16)
where a, b, c, d  0 and ab + bc + cd > 0.
4. The existence of solutions of the problem (1.1), (1.3)
In this section, we impose growth condition on f which allow us to apply Theorem 2.3
of the boundary value problem (1.1), (1.3).
Let the nonnegative continuous concave functional ν, the nonnegative continuous con-
vex functional θ, γ , and the nonnegative continuous functional ψ be defined on the cone
K2 by
γ (u) := max
0t1






By Lemmas 2.1 and 2.2, the functionals defined above satisfy:
ηθ(u) ν(u) θ(u)+ψ(u), ‖u‖ (1 + η)γ (u), (4.2)
for all u ∈ K2(γ, d). We assume there exist constants 0 < a < b < η2d such that
( j) f (u, v) φp(d/N), for (u, v) ∈ [0, ηd] × [−d, d];
(k) f (u, v) > φp(b/L), for (u, v) ∈ [b, b/η] × [−d, d];



























Theorem 4.1. Suppose (H1), (H2) and ( j), (k), (l) hold. Then the boundary value problem
(1.1), (1.3) has at least three positive solutions u1, u2 and u3 satisfying
max
0t1


















a(r)f (u(r), u′(r)) dr
)





a(r)f (u(r), u′(r)) dr
)
ds, τ  t  1,
(4.3)
where τ is a solution of the equation



























ds, 0 t  1, (4.6)
It is well known that T :K2 → K2 is completely continuous and T (K2) ⊂ K2, each fixed
point of in K2 is a solution of the problem (1.1), (1.3).
We now show that all the conditions of Theorem 2.3 are satisfied.
If u ∈ K2(γ, d), then γ (u) = max0t1 |u′(t)|  d . With Lemma 2.2 implies
max0t1 |u(t)| ηd and by ( j), (H2) we have








































This proves that T :K2(γ, d) → K2(γ, d).
We now consider condition (i) of Theorem 2.3. Take u(t) ≡ b/η for t ∈ [0,1], then
u(t) = b/η ∈ K2(γ, θ, ν, b, b/η, d) and ν(u) = ν(b/η) > b, so that {u ∈ K2(γ, θ, ν, b,
b/η, d): ν(u) > b} 	= ∅. Consequently, if u ∈ K2(γ, θ, ν, b, b/η, d), then b  u(t) b/η,
|u′(t)|  d when t ∈ [η,1 − η]. From assumption (k), we have f (u(t), u′(t))  b/L for
t ∈ [η,1 − η], and by the conditions of ν and the cone K2, we have to distinguish three
cases.
Case (i). If τ ∈ [η,1 − η], then



















































Case (ii). If τ ∈ [1 − η,1], then




























Case (iii). If τ ∈ [0, η], then





























ν(T u) > b, u ∈ K2
(






So that condition (i) of Theorem 2.3 holds.
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yield
ν(T u) ηθ(T u) > η · b
η
= b. (4.9)
Thus, condition (ii) of Theorem 2.3 is satisfied.
Finally, we exhibit (iii) of Theorem 2.3 is also satisfied. As ψ(0) = 0 < a, there holds
that 0 /∈ R(γ,ψ,a, d). Suppose that u ∈ R(γ,ψ,a, d) with ψ(u) = a. then, by the assump-
tion (l),
ψ(T u) = max
0t1























Hence, condition (iii) of Theorem 2.3 is satisfied. Thus, an application of Theorem 2.3
















Corollary 4.1. Suppose (H1), (H2) hold, and there exist constants
0 < a1 < b1 < η2d1 < a2 < b2 < η2d2 < · · · < η2dn, n ∈ {1,2,3, . . .},
such that
(m) f (u,u′) ai/M , for (u,u′) ∈ [0, ai] × [−di, di];
(n) f (u,u′) > bi/L, for (u,u′) ∈ [bi, ηbi] × [−di, di].
Then the boundary value problem (1.1), (1.3) has at least 2n+ 1 positive solutions.
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